DAMTP/97-81, ^r-qc/9708040 



Conformally Covariant Differential Operators: 
Symmetric Tensor Fields 



^ ' Johanna Erdmenerer 

^! Institut fiir Theoretische Physik, Universitat Leipzig, Augustusplatz 10/11, 

^ I D - 04109 Leipzig, Germany, e-mail: erd@tph204.physik.uni-leipzig.de 

and 

Hugh O shorn 

> 

^ ' Department of Applied Mathematics and Theoretical Physics, University of Cambridge, 

O ■ Silver Street, Cambridge CBS 9EW, England, e-mail: ho@damtp.cam.ac.uk 

I 

> ■ 

X, 

^ , We extend previous work on conformally covariant differential operators to consider 

the case of second order operators acting on symmetric traceless tensor fields. The cor- 
responding flat space Green function is explicitly constructed and shown to be in accord 
with the requirements of conformal invariance. 

PACS: 03.70. +k; ll.lO.Kk; 11.25.Hf; ll.30.Ly 

Keywords: Conformal invariance, Weyl invariance. Quantum field theory. 



1 



Conformal differential operators A are covariant differential operators acting on tensor 
fields, or more generally sections of some vector bundle, over a curved manifold with 
metric g^^ which also transform covariantly under local Weyl rescalings of the metric 

5„g^^ = 2ag^\ (1) 

so that 5fjA = rAa + (s — r)aA for some r if A is sth order. Such operators are 
generalisations of the well known operator — + acting on scalars in four dimensions 
and have been classified by Branson . Except for special values of the dimension d such 
operators exist for general tensor fields belonging to representations of the tangent space 
group 0{d), or 0{d— 1, 1), or their spinor counterparts. The Greens functions associated 
with such conformal differential operators also transform covariantly under local rescalings 
of the metric and they may have a role in constructing forms for the quantum field theory 
effective action on curved manifolds. 



Recently one of us discussed conformal differential operators and their associated Green 
functions from the point of view of the reduction to flat space (this paper is subse- 
quently referred to as I). In this case the form of the fiat space Green function is unique up 
to an overall constant due to the restrictions imposed by the fiat space conformal group 
0{d + 1, 1) or 0{d, 2) 0, In I the general analysis was applied to conformal differential 
operators acting on totally antisymmetric fc-index tensor fields, or fc-forms, and also for 
4-index tensor fields with the symmetries of the Weyl tensor, in both cases for arbitrary 
dimension d when the general results were explicitly verified. 

In this follow up we extend the discussion to totally symmetric, traceless p-index tensor 
fields and again find a result for the fiat space Green function which is in accord with gene- 
ral theory, although the combinatorics are more involved in this case. The corresponding 
conformal differential operator was apparently first constructed by Wiinsch P] and also 
found as part of his general theory by Branson [|I|. For p = 2 a particular conformally 
covariant differential operator was found by Gusynin and Roman'kov (the general case 
involves a term proportional to the Weyl tensor with an arbitrary coefficient), for d = 4 see 
also [0]. The case of general p has also been discussed more recently from a rather different 
point of view by O'Raifeartaigh et al the results agree with ours when d = 4. For 
completeness we here follow, for arbitrary d, the general method of ||^ which determines 
the conformal differential operator A'^ by first constructing a Weyl invariant quadratic 
action S^{g,(jj) for the symmetric traceless tensor field cu^^ ..^^. With a convenient overall 
normalisation a general expression with manifest coordinate invariance which is second 
order in covariant derivatives has the form 

So[9,uj] = ^ Jd''x^[v'u;^'^-^''Vxu;,„„^^ + a Vp^'^i-^-^^'V V-a^p-ia] , (2) 

for a an arbitrary parameter. Since from ([I|) b^,^ = —da^ it is easy to see that this is 
invariant under constant Weyl rescalings if 

SaUJ^^,...^,^ = lid - 2p - 2)auj^^,„^^ . (3) 
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In general an action which is invariant under rigid scale transformations has a variation 
under local (t{x) linear in derivatives of the form 



(4) 



For the action given in (H) the derivatives and Christoffel connections generate an explicit 
expression for J^, 

-{p+l(d + 2p- 2)a) uj^^-^v-.^ V^uj,,...,,^,, ■ (5) 

In order to achieve a Weyl invariant action it is essential to be able to re-express the 
variation in terms of second derivatives of a. To achieve this it is necessary that 



S. 



(6) 



where clearly we may assume case the variation in (P) may be cancelled 

by an additional curvature dependent action. From (j^) it is easy to see that the result in 
(P) is possible only if 

(7) 



d + 2p-2 



and then 



/ii.../ip_iA 



UJ 



To exhibit the required curvature dependent terms it is convenient to define in terms of 



the Ricci tensor R^j^y and scalar curvature R 



J 



1 



-R. 



2(c/-l)"' {d-2)^ 

since these transform under local Weyl rescalings as in (|ip according to 

5^J = 2a J + VV , 6^K^y = V^V^a . 

It is then evident that the action 
1 



Si[9,uj] 



2p\ 



iii...pp-ip 



UJ 



A 



/xi.../ip_i 



(9) 



(10) 



has a variation which exactly compensates that given by (|^) and (H). We may also add a 
contribution which is separately invariant under local Weyl rescalings 



eri 

fll...flp-2 ' 



which depends on the Weyl tensor which may be defined by 



(12) 



(13) 
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The invariance of ( |12|) follows simply since 6fjC\eprj — — 2(T C\^pq. 
Hence the combined action given by with (|^), 

S'[g,uj] = S,[g,uj] + S,[g,uj] + S^Iq^uj] = d'^x ^ uj'^^-'^^{A'lu),„„,^ (14) 

defines a conformally covariant differential operator A'^ on symmetric traceless tensors, 
depending on a single parameter A, such thatQ 

6^A^ = |(rf + 2p + 2)(TA^- i(c/ + 2p-2) AV. (15) 
The corresponding Green function is defined in general by 



V^(AfG^),,..,^---^(x, y) = £%,...,,:^ -^ 5\x - y) , (16) 

where is the projector onto totally symmetric traceless p-index tensors. This may be 
given explicitly by 

fii...fip, ^(in ■ ■ ■ 'JfJ.p) 

I \ „ „ ^^1^2 l'2r-li^2r X U2r + 1 X Up) 

' y{fllfl2 ■ ■ ■ i//i2r-lM2r i/ • ' • i/ "/i2r + l • • • "Mp) ' 

r=l 

\ — (ty El (n) 

^ ' 2^r\{p-2r)\lZ=i{d + 2p-2-2s)' ^ ' 

for the integer part of Under Weyl rescalings this transforms as 

5.G%,...,^':--''^{x,y) = l{d + 2p-2)a{x)G%...,^:--''-{x,y) 

+ l{d-2p-2) a{y) G^^,...^,r-"^''(x, y) . (18) 

We here determine the fiat space form for following similar procedures to 1. In the 
flat space limit, g^i, —>■ 5^^, and we may identify up and down indices. Explicitly A'^ — > A'^ 
which is given by 



5 2 

(A u^)^i...^p = -d cj^i-.^j, + ^ _^ 2p - 2 

4p(p — 1 



[d + 2p - 2){d + 2p - 4:) 



where the last term serves to ensure that the r.h.s. is traceless. Finding the fiat space 
Green function, 

G pi -pp,ui -up{Xyy) = G ij,^-.ij,p^ui--up{x ~ y) ) (20) 



^The result for the curvature dependent terms arising from ( plj ) differs from that in the papers of 
Branson Ipj but this seems to arise from a simple arithmetic error. 
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is equivalent to solving 

= , (21) 

for arbitrary and to this end we may write the Fourier transform as 

1 ~ ^ 2*" ~ 

^fj.l---fj.p = ^0/il---Mp +X] '^^ ^2{l+r) ^(A*! ■ ■ ■ ^Atr<i'^/ir + l...Atp)pi...Pr^Pl • • • ^Pr — traCes(/il . . . fip) . 

(22) 

The coefficients are then determined by requiring 

k^^i^x-i.^ - ^^2p-2 ^(/^i^A'2-Mp-i)A^A - traces(/ii . . . /^p) = ^^i-^^ • (23) 

To analyse and ( P^D we first consider a symmetric traceless (p— r)-index tensor 
tpiyL.Mp-r and obtain 

. . . A;^,V'p.+i...Mp-iA) - traces(/ii . . . /ip_iA) 
= r . . . + (P - r) A;(^, . . . /c^,^/'^,+i...^^„i)a 

_ r(r - 1) ,2^7, J, / _ 2r(p - r) e . r , , 

_|_ 2p — 4 MlJ-l'^t^2 ■ ■ ■ '^^Mr-irPr-.-Pp-l) ^ _|_ 2p _ 4 -^(A*! ' ' ' '^'Mr Alr+ 1 • • -Mp- 1 )p V 

— traces(;Ui . . . /Up_i) . (24) 
Hence 

• • • ^MrV'^r+i.-Mp-iA) - traces(/ii . . . /ip_iA) 



r(i + 2» — r — 3,9 
£ 

p d + 2p-A 
p — r d + 2p — 2r — A 

p d + 2p-A 
traces(/ii . . . /ip-i) . (25) 



+ ^ ^ I /I ^{pi • • • ^PrV'pr + l.-.Mp-OP ^p 



Using this to calculate the result of inserting (|2^) into (p3]) we get 

ao = 1 (26) 

and 

/ 2p r d + 2p — r — 3\ 2p p~rd + 2p — 2r — 4 

= -l—T, n TTT, «r-l , (27) 



\ d + 2p-2 p d + 2p-A J d + 2p-2 p d + 2p-A 
which simplifies to 

p — r + 1 
^d + p — r — 2 

It is then straightforward, with (^), to find 



(2S 
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With these results for the Fourier transform of G^, as given by {^), becomes 



. 2 

fll...flp,€l...erXr + l...Xp^ r]l...T]rXr+l...Xp,Ul...Up ^2(l+r) "'''1 



kf, . . . k^^k^-^ . . . kq^, . 



r=l 



The inversion of the Fourier transform in (pOD may be found with the aid of 



d 6 "TTTTT"! T^rvi • • • 



{2ttY J A;2(i+'-) 
T{\d-l) (2r)! 



"-ai • • • i^a2r 



for {y)s = T{y + s)/T{y), and 



£ fll...flp,ai...arXr + l---Xp£ ar + l...a2rXr+l...Xp,Ui...l/pX(^ai ■ ■ ■ Xa2s^a2s + lO:2s + 2 ■ ■ ■ ^a2r-lCt2r) 

(2£)! /r!\2 . 

(2r)! Vs!/ vi-'V^ 



We therefore find 



47r2'*(x"' 1 2" ^ 



^ /il.../^p,ei...esAs+i...Ap^ J7i...r;sA3+i...Ap,i/i...i/p ^ei ■ ■ ■ ^ts-^m ■ ■ ■ ^rjs ^ 5 



s=l 



[-2y 



where 



r=l 



6, = (|rf-l),iX:Q a,, s>l 



To calculate bg we may use induction on p. From (^,^) it is easy to see that 



ld + p- 3 



^r— 1 5 



r = 1, . . .p . 



Since 



we find from 



"O — + 1 7 , Q "O 5 — 1 , , Q + 1 - - , S — i, 



\d + p — d, 



s \d + p — ?> \d + p — ?) 



5 ^ -1- , 
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It is then easy to verify the general result for any p 

_ (p\ \d + p-2 



{31 



Applying (|38D in (|33|) with the standard binomial theorem gives 

(r)- ^^^^-^^ d + 2p-A 
'-J /ii...fip,i/i...up\-^j — 1, „^lJ_1 t A ni...iip,ui...i/p\-i-j } y^i^) 



where 
for 



1 fil...fj.p,ui...Up{x) £ fii...fj.p,ei...€pleiui{x) ■ ■ ■ Iep...Up{x) ) (^0) 

2 

Ieu{x) = 6eu . (41) 

Ieu{x) is the inversion tensor so that T^^i...ij.p,ui...up{x) as given by (^OD is the inversion 
tensor for totally symmetric traceless p-index tensor fields and (|39|) is exactly of the form 
expected as a consequence of applying fiat space conformal invariance in this case. Except 
when p = the Green function does not exist for d = 4 reflecting the fact that c? = 4 is 
the critical dimension for A"^. 

To understand the role of the critical dimension d = 4 we may introduce a linear 
differential operator T> acting on symmetric traceless tensors, with index p > 1, which is 
defined by 

~ p _ ^ {9Hf^y^t^2-f^p)p - 9{t^ii^2^''^fi3...f^p)Xp) ■ (42) 

This satisfies the traceless conditions 

g'^'^iVuj),,,,,,^, = g'^^iVuj),,...,^, = , (43) 
and under local Weyl rescalings according to (|1|J^) 
SAl^^)f^^...f^,x = W-2p-2)a{Vuj)^„„^^x 



(^A(/.iW/.2.../.p)p - ^(MiM2^M3...Mp)Ap)'9^^) • (44) 



p — 1 
d + p — 3 

Clearly when = 4 D is a first order conformally covariant differential operator. Moreover 
from the definition (|42|) 
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By discarding total derivatives we may write 



where, using the definition of the Weyl tensor in terms of the curvature in ([1^) and also 



(0), 

+ {d + 2p- 4)7^^,^^-^-^ + J^^'-^'^f.....^., (47) 



With these results, if we choose for the parameter A in ( [T^ ) A = — (p — 1), we may obtain 
an alternative expression for the total action given by ([T^), 



p+ 1 



^fii...fip 



(4J 



This result demonstrates the importance of c? = 4, in this case only the first term quadratic 
in operator V is present, which is in accord with the results of Branson The above 
formula (^), along with (^3]), coincides with that given by O'Raifeartaigh et al |^ who 
required the absence of curvature dependent terms (although the motivation for such 
a condition is not clear). If p = 1 and d = 4 (^S|) is manifestly just the standard 
expression for conformally invariant Maxwell theory. On fiat space if, for some scalar 
Pi ^^ll...^lp = <9^i • • • df^pP — traces then (Vu) f^-^,,,^^x = which explains the absence of an 
inverse in the fiat space limit when d = 4. Of course if p = 1 this is just a refiection of 
the usual gauge invariance of Maxwell's equations. 
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